We propose a relativistic one-parameter Hermitian theory for the Coulomb problem with an electric charge greater than 137. In the non-relativistic limit, the theory becomes identical to the Schrödinger-Coulomb problem for all Z. Moreover, it agrees with the Dirac-Coulomb problem to order
Introduction
The problem of strong electric field in quantum electrodynamics (QED) has been the focus of renewed research interest for a long time. For a review see, for example, [1, 2] and references therein. One of the most important physical effects in a strong timedependent electric field is the dynamical electron-positron pair production from vacuum. On the other hand, for sufficiently strong static electric potential electronpositron pairs could, in principle, be created spontaneously. However, the process of static pair creation, which is predicted by QED [3] , has yet to be confirmed unequivocally by experiment [4] .
The Dirac equation gives a good description of the relativistic electron under the influence of various kinds of potential couplings. In the Dirac-Coulomb problem, the ground state energy of the electron in a hydrogen-like atom decreases as the point nuclear charge Ze − increases [1, 5] . The Sommerfeld's fine-structure energy spectrum formula indicates that the ground state of the electron becomes zero for 1 Zα = , where is the fine structure constant [5] . On the other hand, for 1 
137
Z α − > ≈ this energy becomes a complex number. That is, the Dirac Hamiltonian operator becomes non-Hermitian. Self-adjoint extension of the Hamiltonian is frequently achieved by taking into account the finite size of the nucleus [1, 2, 5] . For example, replacing the point nucleus by a uniform charged sphere of total charge Ze − and finite radius of the order of few Fermis. As a result, the ground state energy regains reality for all Z, but decreases below zero as Z increases until it reaches 2 mc − at the critical charge cr Z [1, 2] . Increasing Z further forces the ground state to dive into the negative energy (lower) continuum and changes its character from a bound state to a resonant state, called a supercritical resonance [1, 6] . An initially vacant supercritical state decays into an electron-positron pair; a free positron and a bound electron. Thus, −2− the vacuum, which was perturbed by the supercritical Coulomb potential, becomes charged. However, if the original bound state that became supercritical was fully occupied before diving, then no pairs are produced. Nonetheless, the charge of the electron gets embedded into the charge density generated by the vacuum polarization charge distribution. The vacuum will thus be carrying a net charge equal to the total charge of the electrons in supercritical resonant states. All remedies to the strong coupling scenario invoke concepts and employ tools outside the framework of oneparticle relativistic quantum mechanics where the Dirac-Coulomb problem is originally formulated. Of course, it is well established that QED in lowest order results in the Dirac-Coulomb theory. However, being a perturbative quantum field theory with Z α as the perturbation parameter, QED might not properly handle the strong coupling region where 1 Z α > and where the Dirac-Coulomb Hamiltonian becomes non-Hermitian.
In this work, we propose an alternative description of the relativistic electron in a strong static field generated by a point charge while avoiding the problem of a "charged vacuum". It is formulated within the theory of one-particle relativistic quantum mechanics and as such gives no direct implication on QED. It could, at best, be representing the lowest order limit of an alternative quantum field theory of electrodynamics at strong coupling (e.g., a non-perturbative version of QED). Specifically, we are proposing a one-parameter theory based on the Dirac equation with coupling to the vector Coulomb potential and a "pseudo Coulomb potential" (to be defined below). We require that this theory agrees with the original Dirac-Coulomb problem to order 2 ( ) Z α . Moreover, in the nonrelativistic limit it must reproduce the Schrödinger-Coulomb problem for all Z. In the following section, we define the problem and present our approach to the solution. This work is an extension to, and/or departure from earlier work on the subject wherein a scalar Coulomb coupling is introduced in addition to the vector Coulomb coupling [7] . We show that there is a physical difference between the "pseudo Coulomb potential" introduced in this work and the scalar Coulomb potential. We give the new relativistic energy spectrum and corresponding spinor wavefunctions.
Dirac-Coulomb problem for Z > 137
The solution of the Dirac-Coulomb problem is defined as the solution of the Dirac equation for an electron (mass m and electric charge e) in the field of a static point charge. That is, the vector potential in the Dirac equation has zero space component, while the time component is the attractive Coulomb potential ( ) V r Z r α = − . Due to spherical symmetry, the equation separates into radial and angular components. The solution of the angular component is standard and is independent of Z [5] . In the conventional relativistic units ( 1 c = = ), the Sommerfeld's fine-structure formula for the relativistic energy spectrum reads as follows [5] 
where κ is the spin-orbit quantum number defined as ( ) . "Equivalence" is defined here as a relativistic Dirac theory that agrees with the original Dirac-Coulomb problem (for 137 Z ≤ ) up to order 2 ( ) Z α and whose nonrelativistic limit is identical to the Schrödinger-Coulomb problem for all Z. To do that, we proceed as follows.
In the units 1 c = = and in the standard representation of the Dirac matrices, the two-component radial equation with coupling to spherically symmetric scalar and vector potentials, where the space component of the later vanishes, reads as follows [5, 7, 8] 
where W(r) and V(r) are the scalar and vector potentials, respectively. Now, we take V and W to be Coulomb-like; ( 
where
, and 
In the Appendix, we show the calculation details. The parameters are chosen such that the Dirac Hamiltonian in (3) is Hermitian. Now, the same square root that appears in γ is also present in the rest of the parameters, C ± and S ± . Therefore, reality dictates that ν we can always choose μ to make this square root real. Equation (3) gives one radial spinor component in terms of the other as follows
Using this back in Eq. (3) results is the second order radial differential equation
which is Schrödinger-like. Equation (6) is referred to as the "kinetic balance relation", which is not valid for mC
≥ , then the energy value mC ε ± = ∓ belongs to the negative/positive energy spectrum, respectively. Therefore, the top/bottom signs in Eqs. (6) and (7) correspond to positive/negative energy solutions, respectively. Since the two solution spaces are completely disconnected, we have to choose one of the two signs of the energy spectrum and obtain the corresponding solution, but not both. In what follows, we choose the top signs and obtain the positive energy solutions. The negative energy solutions are then obtained from these simply by applying the following map:
(8) Note also that under this map: C C ± → ∓ and S S ± → − ∓ .
We must now show that the nonrelativistic limit gives the correct Schrödinger-Coulomb problem defined by the solution of the following second order differential equation (written in the same units,
where is the orbital angular momentum quantum number. Now, the nonrelativistic limit of Eq. (7) is a scalar potential; both having equal magnitudes, αμ . We should also note that this constitutes a departure from earlier work on this problem, where a pure scalar Coulomb potential is added to the vector Coulomb potential (see, for example [7] , and references therein). Moreover, the contribution of a pure scalar potential survives the non-relativistic limit, whereas this pseudo potential does not [8] .
Energy spectrum
To obtain the bound states energy spectrum for this equivalent relativistic Coulomb problem, we first establish the parameter map between the relativistic equation (7) and the nonrelativistic equation (9) . This map reads as follows: 0 
Using this map in the well-known nonrelativistic bound states energy spectrum formula, 
Taking the limit Z α → ∞ shows that this minimum "positive" energy can never be less than −m for any value of the parameter ξ in the allowed range 
Spinor wavefunction

−6−
One method to obtain the two components of the radial spinor wavefunction is to use the parameter map (11). Applying this map on the non-relativistic Coulomb wave function [9] transforms it into the sought after eigenfunctions. However, we exploit here an alternative approach by proposing the following ansatz for the upper radial spinor component of the positive energy solutions ( ) 
Moreover, we get the same energy spectrum formula (12) and
, where
The wavefunction (16) becomes
The lowest energy state at 0 ε corresponds to 
Substituting the upper spinor component (19) into the kinetic balance relation (6) with the top sign and using the differential and recursion properties of the Laguerre polynomials [10] , we obtain the lower component as follows ( 
Equations (19) and (21) −7−
Conclusion
We added to the Dirac-Coulomb Hamiltonian a one-parameter "pseudo Coulomb potential". The result is a relativistic model for the Coulomb problem that maintained reality of the Hamiltonian of Hydrogen-like atoms for all Z. The lowest positive energy state does not dive into the vacuum (negative energy continuum) avoiding the problem of a charged vacuum. In fact, imposing a certain constraint on the parameter of the theory prevents transition between positive and negative energy states. Therefore, the space of solutions consists of two disconnected energy subspaces. This work embodies a departure from earlier work on the subject wherein a pure scalar Coulomb potential is introduced not the pseudo Coulomb potential presented here. In addition to the relativistic energy spectrum, we also obtained the corresponding spinor wavefunction. 
, we obtain ( ) By eliminating one component in terms of the other, we obtain a second order differential equation. We require that this becomes a Schrödinger-like equation (i.e., it contains no first order derivatives), which dictates that at lease one of the diagonal elements in (A5) be constant (i.e., independent of r). This means that we should choose the angle θ such that ( ) 
